We theoretically investigate the influence of a dressing field on parametric amplification multi-wave mixing (PA-MWM) processes in an atomic ensemble for the first time. The quantum spatial properties of PA-MWM signals are demonstrated by studying the cone emissions. Meanwhile, we investigate the intensities, the intensity difference squeezing, and the intensity noise correlation of bright twin PA-MWM beams, which are generated by injecting the MWM signals into the input ports of a spontaneous parametric four-wave mixing process. Both the spatial properties and the quantum correlation can be enhanced or suppressed via a bright state or a dark state, which is induced by the single or double dressing effect. This study has potential applications in quantum security, quantum imaging and long distance quantum communications.
Introduction
Electromagnetically induced transparency (EIT)in an atomic medium [1, 2] has attracted a great deal of attention in the last two decades because of the wide range of potential applications in lasing without inversion [3] , slow light [4] , photon control and information storage [5] , and quantum communications [6] . As is well known, nonlinearities can be significantly enhanced and modified due to atomic coherence in an EIT system, in which multi-wave mixing (MWM) can be effectively generated. In the past few years, our research group has demonstrated that MWM signals can be generated efficiently by using the atomic EIT system and controlled through the dressing field both theoretically and experimentally [7] .
In addition, quantum correlation and entanglement in the optical parametric process [8] are quite involved because they are important resources for quantum information processing. The parametric four-wave mixing (FWM) processes in atomic media have been used to generate entangled photon pairs and beams [9, 10] . The spatial correlation property of the twin vacuum field generated from spontaneous parametric four-wave mixing (SP-FWM) has also been investigated [10] . Recently, correlated photon pairs with high generation rate and narrow bandwidth have been generated [11] by using an optical parametric amplification (OPA) process operated below its oscillation threshold. Bright correlated twin beams with hot atoms have also been obtained by an OPA process above the threshold [12] . Moreover, correlation switching between orthogonally polarized laser beams in an atomic EIT system has been experimentally demonstrated [13] . The amplitude and intensity noise correlations of counter-propagating paired (a) Schematic of a ladder-type three-level atomic system for generation of a PC-FWM signal E F . (b) Schematic of a four-level atomic system for coexistence of a PC-FWM signal E F and a PC-SWM signal E S1,2 . (c) Level diagram of the SP-FWM process with generated Stokes field E s and anti-Stokes field E as . (d1), (d3) The phase-matching configurations for the PC-FWM process and the coexisting PC-FWM&PC-SWM process, respectively. The phase-matching configurations for SP-FWM processes with an E F signal injected into the Stokes port are shown in (d2), and the E F and E S1 signals injected into the Stokes and anti-Stokes ports, respectively, are shown in (d4).
Stokes and anti-Stokes photons in an EIT atomic system have also been discussed theoretically [14] .
In this letter, we theoretically study the cascaded-nonlinear process including a self-diffraction SP-FWM process seeded with a phase conjugate FWM (PC-FWM) signal or six-wave mixing (PC-SWM) signal. Such a system can be viewed as an amplifier for the injected signal. Firstly, we investigate the spatial correlation properties of the parametrically amplified MWM (PA-MWM) signals by showing the cone emission under phase-mismatching conditions. Secondly, we achieve suppression and enhancement of the PA-MWM signals through the dressing effect. Moreover, the intensity difference squeezing and intensity noise correlation of PA-MWM signals with the dressing effect are investigated. This letter is arranged as follows. In section 2, we introduce the basic theory briefly. In section 3, we show the cone emissions of the SP-FWM process with and without injections. In section 4, suppression and enhancement of the PA-MWM signals are demonstrated. In sections 5 and 6, the intensity difference squeezing and intensity noise correlation of PA-MWM signals are discussed. A brief summary of the letter is presented in section 7.
Basic theory
Here, we consider the cascaded-nonlinear process including a self-diffraction SP-FWM process seeded with a PC-FWM or PC-SWM signal, i.e., one SP-FWM process serving as a linear amplifier amplifies the other coexisting PC-FWM (or PC-SWM) signal in a common multi-level atomic system, as shown in figure 1 . The PC-FWM signal E F injected into the Stokes port of the SP-FWM process can be obtained from three incident beams E 1 , E 2 , and E 2 in a ladder-type atomic subsystem, as shown in figure 1(a) . It satisfies the phasematching condition k F = k 1 + k 2 − k 2 in figure 1(d1) and then counterpropagates with the field E 2 . Via the perturbation chain
20(F) , the corresponding density matrix element for the PC-FWM signal E F can be written as ρ (3)
is the Rabi frequency of field E i with transition dipole moment µ i , d 20 = 20 + i 1 , d 30 = 30 + i( 1 + 2 ), i j is the decay rate between energy levels |i and | j , and i = ω mn − ω i is the frequency detuning between the laser frequency ω i and the corresponding transition frequency ω mn . When the fields E 3 and E 3 connect the energy levels |4 and |3 , one PC-SWM signal E S1 (E S2 ) can be obtained from the incident beams E 1 , E 2 (E 2 ), E 2 (E 2 ), E 3 and E 3 , as shown in figure 1(b) , where the signal
, and counterpropagates with the field E 3 (E 3 ), as shown in figure 1(d3) . When the power of the field E 2 is much stronger than that of the field E 2 , we only consider the PC-SWM signal E S1 . Through the perturbation chain ρ (0) 00
20(S) , the density matrix elements for the field E S1 can be written as ρ
. If E 1 is strong enough, a self-diffraction SP-FWM process occurs with a 'double-' configuration in the common atomic system, and two weak signals termed as Stokes (E s ) and anti-Stokes (E as ) are generated according to 2k 1 = k s + k as , as shown in figure 1(c) . Then the PC-MWM signals will be naturally injected into the SP-FWM processes due to the phase matching and parametrically amplified. The phase-matching conditions for the parametric amplification processes are shown in figure 1(d2) , where E F is injected into the Stokes port, and figure 1(d4), where E F and E S1 are injected into the Stokes port and anti-Stokes port, respectively. The cascade χ (3) − χ (3) and χ (5) − χ (3) processes can be also viewed as PA-FWM and PA-SWM processes. When the PA-FWM process as shown in figure 1(d2) is performed experimentally, a special experimental setup needs to be adopted, in which the E 1 beam (with vertical polarization) counterpropagates with the E 2 beam (with horizontal polarization) and the E 2 beam (with horizontal polarization) co-propagates with the E 2 beam but with an angle of about 2 • between them. Therefore, the generated PC-FWM signal E F is collinear with the E 2 beam and has a vertical polarization different from the E 2 beam. Thus the weak signal E F can be separated from the strong field E 2 by a polarizing beam splitter. Of course, a sufficient distance between the generation and the detection is needed to separate the signal from the E 1 beam (or E 2 beam). The experiment setup for PA-SWM is similar to that for PA-FWM.
In cascaded-nonlinear processes, the linewidths of the phase conjugate MWM signals from the 'first' nonlinear process have narrow widths due to the selected mode effect induced by the EIT window, and the linewidths are further narrowed by the 'second' nonlinear process due to the second selected mode effect. Because of the narrow linewidths, these processes can find potential applications in long distance quantum communications [6] .
Cone emissions of the PA-MWM process
First, we investigate the spatial correlation properties of the PA-MWM signals by showing the cone emission under phase-mismatching conditions. We begin with the following differential wave interaction equations for the propagation of the Stokes and anti-Stokes photons (with annihilation operatorsâ s (z) andâ as (z), respectively):
where φ 1 is the phase of the pump field E 1 , k is the phase mismatch factor, z is the interaction distance of the wave, κ s/as (κ s/as ) refers to the real (imaginary) part of the nonlinear coefficient for the Stokes/anti-Stokes field and κ s/as = Re[(−i s/as /2c)χ
s/as E 2 1 ]) with the third-order nonlinear susceptibility expressed as χ (3) 
and ρ (3) as are the corresponding density matrix elements which can be obtained via ρ (0) 11
21(s) and ρ (0) 00
20(as) as follows:
Here, we have considered the dressing effect of E 2 and E 3 , and the parameters in equation (2) 
, and 1 = 1 − 10 . The generated Stokes and anti-Stokes signals have central frequencies s = 21 − 1 and as = 20 − 1 , and the real frequencies can be expressed as ω s = s + δ and ω as = as − δ respectively, where the introduced symbol δ can be viewed as the criterion for the linewidths of the generated signal. Therefore, some of parameters in equation (2) can be rewritten as
. According to the geometric configuration of the incident beams, k (equal to k z due to k x = k y = 0) for Stokes and anti-Stokes fields in equation (1) can be deduced as
k as = 2k 1 n 1 − k as n as cos(ϕ as )
where n is the refractive index of the atomic medium, ϕ s and ϕ as are the angles between the wavevector k i (i = s, as) and z, and k s and k as are equal to k in equation (1) . For the convenience of mathematical computation, we assume κ s κ s , κ as κ as , and κ = κ s = κ as . Meanwhile, we introduce the quadrature phase and amplitude operatorsp(z) andq(z) asp
where φ = 2φ 1 − φ s − φ as is the relative phase between the pump field and the injected signals at the Stokes and anti-Stokes ports. Combining equations (1), (4a) and (4b), we can obtain the output Stokes and anti-Stokes fields aŝ
where
Moreover, the photon numbers of the Stokes and antiStokes fields at the output site of the medium are given by
where the parameter z in C, S and K should be replaced by the medium length L.
On the other hand, the single transverse modes of the Stokes and anti-Stokes fields can be quantized as (the positive frequency parts)
is the longitudinal coordinate (trigger time) of the detector for the detected signals. The summation over the wavenumber can be converted into the angular frequency integral as
and group velocity ν i . Therefore, the intensity distributions of the Stokes and anti-Stokes signals at the corresponding detectors may be expressed by the normally ordered expectation values based on equations (7a) and (7b) as
where R c1 = |R s E s | 2 and R c2 = |R as E as | 2 . It may be seen that the intensity is proportional to the photon number of the generated signals at the output site, so it is more convenient to use the photon number than the intensity of the signals.
In the following, we will discuss the SP-FWM process with three different signal injections in detail.
Injecting vacuum fields
We first consider the vacuum fields (i.e., |0, 0 ) as the input fields at the Stokes and anti-Stokes ports of the SP-FWM. Therefore, equations (6a) and (6b) can be simplified as
which is proportional to the signal intensity. From equation (9), we obtain the scheme of the cone emission along the propagation distance, as shown in figure 2(a1). The outside cone represents the E s signal while the inside cone represents the E as signal. There exist several hundred spatial modes at a certain distance due to the phasemismatching condition [15] . Subsequently, we investigate the phase mismatch factor k and the normalized intensities of the fields E s and E as at z = 20 µm according to equations (3) and (9), which are shown in figures 2(a2) and (a3), respectively. We find that when k = 0 the transverse coordinates x and y are on a certain circle, but they deviate when k = 0, as shown in figure 2(a2). k = 0 means complete phase matching, with which the highest generation efficiency of the fields E s and E as can be obtained, as described by figure 2(a3), where the normalized intensities of the fields E s and E as decrease sharply when k = 0 (corresponding to a cylindrical surface of intensity) is not satisfied.
If we fix the propagation distance z = 10 µm and change the frequency of E s , we can study the corresponding temporal modes, shown by the iso-surface of the intensity as a function of ω s in figure 2(a4). It can be seen that the bandwidth of the signal generated from the SP-FWM process is about 200 MHz [16] .
Injecting PC-FWM into the Stokes port
In this case, a PC-FWM signal E F and vacuum field (i.e., |α, 0 ) are injected into the Stokes and anti-Stokes ports of the SP-FWM process. Then the whole process can be viewed as a PA-FWM process. The photon numbers of the output signals at the Stokes and anti-Stokes ports can be expressed as follows (from equations (6a) and (6b)):
, with the waist radius r F for the beam E F , represents the photon number of the injected signal E F .
Similarly to the case with vacuum field injection, we show k(x, y) at z = 30 µm by using equations (3a) and (3b) and the normalized intensities of the output signals from the PA-FWM process by using equations (10a) and (10b) in figures 2(b1) and (b2), respectively. From the two peaks shown in figure 2(b2) and equation (10), we can conclude that the signal E F and the vacuum field are amplified simultaneously with the same increased photon number. Therefore they are quantum correlated. However, the two output signals corresponding to the two peaks have different intensities because the injections at the two input ports are different.
Injecting PC-FWM into the Stokes port and PC-SWM into the anti-Stokes port
Considering the PC-FWM signal E F and the PC-SWM signal E S1 (i.e., |α, β ) as two seeds injected into the Stokes and anti-Stokes ports, respectively, equations (6a) and (6b) for the photon numbers of the output signals can be simplified as follows:
where |β| 2 = â + as (0)â as (0) = (π ε 0 ch/2ω 1 )(r S1 G S1 /µ 20 ) 2 , with the waist radius r S1 for the E S1 beam, represents the photon number of the field E S1 .
Similarly to figures 2(b1) and (b2), we show k and the normalized intensity for this case in figures 2(c1) and (c2), respectively. In this case, the two injections can be parametrically amplified simultaneously with equal gain. In figure 2(c2), the intensity distributions show two sharp peaks representing the intensities of the two output signals (i.e. the amplified PC-FWM and PC-SWM signals), which are much larger than those of the output signals from the SP-FWM process with vacuum field injection.
We demonstrate that the output signals at the Stokes and anti-Stokes ports of the SP-FWM process can achieve the highest generation efficiency under the complete phasematching condition, and the SP-FWM process with injections can act as an amplifier for the seeds. Now, by overlooking the phase (φ 1 ) of the pump field E 1 under perfect phase-matching conditions, we investigate the suppression and enhancement of the dressed PA-MWM signals in section 4.
Suppression and enhancement of dressed PA-MWM
In this section, the suppression and enhancement of the PA-FWM and PA-SWM signals with both single and double dressing effects will be discussed. Considering the differential wave interaction equations of the Stokes and anti-Stokes phonons with complex nonlinear coefficients under perfect phase-matching conditions, equation (1) can be modified as
After deduction, the solutions are given bŷ
Here, we assume κ s + iκ s = κ 1 e iϕ 1 and κ as + iκ as = κ 2 e iϕ 2 with amplitude (κ 1 , κ 2 ) and phase (ϕ 1 , ϕ 2 ). By using equation (13), we obtain the photon numbers of the Stokes and anti-Stokes fields at the output site of the medium as follows:
As declared above, the intensities of the output signals at the Stokes and anti-Stokes ports can be discussed by using the photon numbers of the detected signals as shown by equations (14a) and (14b).
Injecting PC-FWM into the Stokes port
In this case, we consider the PC-FWM signal E F as the input signal at the Stokes port of the PA-FWM process. Then, the detected photon numbers of the output Stokes and anti-Stokes fields can be obtained from equations (14a) and (14b) as
From equations (15a) and (15b), we obtain the output intensity of Stokes (anti-Stokes) signals with x = −10 (x = 10) µm, y = 0, which is the single dressing effect of PA-FWM induced by the field E 2 , as shown in figures 3(a1) and (a2). As shown by the solid curves from left to right in figure 3(a1) , when the dressing detuning 2 is scanned at 1 = −100, −50, 0, 50 and 100 MHz, the dressing effect of the field E 2 on the intensity of the output Stokes signal changes from pure-enhancement to left-enhancement-right-suppression, to pure-suppression, to left-suppression-right-enhancement, and finally to pure-enhancement, as demonstrated in [17] . The suppression and enhancement conditions are 1 + 2 = 0 and 1 + 2 /2 ± 2 2 + 4G 2 2 /2 = 0, respectively. We can see that the amplitude of the intensity decreases with increasing | 1 |. With the help of the dressed energy-level scheme shown in figure 3(c) , it is easy to understand the physical process occurring at each 1 . We take 1 = −50 MHz as an example, corresponding to the energy-level scheme in figure 3(c2) , where the energy level |2 is split into |G 2 ± with the dressing effect of E 2 . When 2 is scanned in figure 3(c2) , the Stokes field first resonates with |G 2 + (satisfying the enhancement condition), and then satisfies two-photon resonance (satisfying the suppression condition). Therefore, the intensity of the Stokes signal is left-enhancement-right-suppression, as shown by the second solid curve in figure 3(a1) . Using a similar method, we can understand the other solid curves in figure 3(a1) . The dashed curve shown in figure 3(a1) is the profile of the baseline of the Stokes intensity, which corresponds to the intensity versus 1 without the dressing effect of E 2 .
The suppression or enhancement of the output intensity of E as at different values of 1 , shown by the solid curves in figure 3(a2) , is similar to that in figure 3(a1) , except that the suppressed point deviates slightly from 1 = 0. Meanwhile, the intensity of E as in figure 3(a2) is smaller than that of E s in figure 3(a1) because E F is injected into the Stokes port. After normalization, figure 3(a1) becomes figure 3(b1) , where the intensity of E s increases with increasing | 1 |. The result for E as shown in figure 3(b2) is similar to figure 3(b1) , and the suppression and enhancement conditions for anti-Stokes signals deviate with a value of | 10 |.
Moreover, from equations (10a) and (10b) with y = 0, we obtain the intensities of the output signals E s and E as from the PA-FWM process versus 2 and x at different values of 1 with E F injected into the Stokes port in figure 3(d) . Since k is taken into account, the simulations are more accurate than those in figures 3(a) and (b). Along the 2 coordinate, it is clear to see that the dressing of the field E 2 to the intensity switches from suppression to enhancement for different values of 1 , which corresponds to figure 3(a) . In each panel in figure 3(d) , the higher one represents E s while the lower one represents E as , which is in accordance with figure 2(b2). However, for the case with vacuum fields injected as shown in figure 3(e) , the intensity of E s is almost the same as that of E as , which is in accordance with in figure 2(a3).
From figure 3, one can see that the directly detected spectrum of the signals by scanning dressing detuning is enhanced (bright state) or suppressed (dark state).Furthermore, the enhancement and suppression of the signal intensity can be manipulated via the bright state and dark state, respectively.
Injecting PC-FWM into the Stokes port and PC-SWM into the anti-Stokes port
For this case, equations (14a) and (14b) can be written as follows:
Similarly, we use the photon numbers expressed by equations (16a) and (16b) to discuss the intensities of the output signals from the PA-MWM process. When E F and E S1 are injected into the Stokes and antiStokes ports, we obtain figure 4(a1) from equation (16a) at x = −10 µm, y = 0 and with dressing effects from E 2 and E 3 , which can be taken as double dressing to the signal PA-SWM. The solid curves from left to right in figure 4(a1) show the intensities of E s versus 2 at 1 = −100, −50, 0, 50 and 100 MHz, respectively; it undergoes the transition from double pure-enhancement, to double leftenhancement-right-suppression, to double pure-suppression, to double left-suppression-right-enhancement, and finally to double pure-enhancement again. The suppression and enhancement conditions are 1 + 2 = 0 and 1 + 2 /2 ± 2 2 + 4G 2 2 /2 = 0, respectively, with 2 = 2 − 3 /2 ± 2 3 + 4G 2 3 /2. The dashed curve in figure 4(a1) shows the intensity of E s versus 1 without the dressing effect. Similarly, the E as intensities are shown in figure 4(a2), which is obtained from equation (16b). The difference between figures 4(a1) and (a2) is that the pure suppressed point deviates slightly from 1 = 0, which is due to equation (2) . As the Stokes and anti-Stokes ports are seeded with E F and E S1 , the output intensities of E s and E as are almost the same, which agrees with the result in figure 2(c2) .
With the help of the double-dressed energy-level scheme shown in figure 4(b) , it is easy to understand the physical process shown in figure 4(a1). The energy level |3 is split into |G 3 ± by the dressing effect of E 3 , and the level |2 is split into |G 2 ± by two paths (|G 3 ± −|2 ) indicated by the solid lines with arrows between |3 and |2 in figure 4(b) , which is the reason for the double enhancement or suppression shown by the solid curves in figure 4(a) . Taking 1 = −50 MHz as an example, corresponding to figure 4(b2), when 2 is scanned, E s first resonates with |G 2 + (satisfying the enhancement conditions), and then satisfies two-photon resonance (satisfying the suppression condition) with two paths. Therefore, the intensity of E s shows double leftenhancement-right-suppression. Using a similar method, we can understand the other results at different values of 1 in figure 4(a) .
In this case, similarly to figure 3(d), we display the corresponding E s and E as intensities versus 2 and x at different values of 1 but only considering the dressing effect from E 2 , as shown in figure 4(c) , which is obtained from equations (11a) and (11b) with the assumption that the injections are in the y = 0 plane. We can realize the transition from suppression to enhancement or vice versa along the 2 coordinate. We should point out that we only consider the dressing effect of E 2 for convenience, so there is some difference (one peak or double peaks) between figures 4(c) and (a). Furthermore, the intensities of the optical parametrically amplified E s and E as at certain positions are much larger than those at other positions. Therefore, in the transverse plane as shown in figure 4(c) , only the amplified E s and E as can be seen, which is in accordance with figure 2(c2).
Comparing figure 4 with figure 3 , we notice that the double dressing case is more complicated since another dressing field is considered and appears as a double bright state or dark state, which can also be used to regulate the spectra of the signals.
Based on the intensity properties of the PA-MWM signals investigated in sections 3 and 4, we further demonstrate the intensity difference squeezing and intensity noise correlation between the two output signals of the PA-MWM process in sections 5 and 6, which are induced by the nonlinear coupling between the generated twin beams.
Intensity difference squeezing of dressed PA-MWM
The intensity difference squeezed light is nonclassical light which can be used to produce entangled twin beams. In this section, the intensity difference squeezing of E s and E as is studied under the ideal case with κ = κ s = κ as (κ s ≈ κ as ≈ 0), perfect phase-matching conditions, and without the influence of φ 1 . This system can be described by the gain coefficient G = cosh 2 (κ L). Here, we can also use the photon numbers to replace the intensities of the generated twin beams. First, we display the photon number operators (N s andN as ) of E s and E as from equations (5a) and (5b),
When the PC-FWM E F and vacuum field are injected into the Stokes and anti-Stokes ports, respectively, the expectations of N s andN as in equations (17a) and (17b) can be obtained as
Assuming that the injected photon number is much greater than 1, the sum and difference of photon numbers of E s and E as are
from which we can observe that the total photon number (i.e., the total intensity) increases because of the parametric amplified process, while the difference (i.e., the intensity difference) remains. Meanwhile, the variances of the total intensity and intensity difference can be obtained as
Here, δ 2 (N s +N as ) can be treated as the shot noise limit (SNL). Therefore, the intensity difference noise Sq between E s and E as is
which is expressed in dB relative to the SNL. It is worth mentioning that the 'squeezing' indicates that the intensity difference noise lies below the SNL for the twin beams, i.e., δ 2 (N s −N as ) < δ 2 (N s +N as ) .
The comparison between the gain coefficient and intensitydifference noise by scanning different fields with different dressing effects according to G and equation (21) is illustrated in figure 5 , in which the dash-dotted lines represent the SNL, which is defined as the intensity sum noise of the generated twin beams. For E 2 , E 2 , E 3 and E 3 blocked (injection is also removed correspondingly), the results versus the probe detuning 1 are given in figure 5 (a1), which shows that the intensity difference is squeezed because of Sq < 0, and the squeezing degree will be higher with G increased. The reason is that the degree of Sq is proportional to G according to equation (21), while G is proportional to the nonlinear coefficient κ. To be specific, the nonlinear coefficient κ can be taken as a 'dressing-like' function, which is similar to the dressing effect of E κ and results in the squeezing. Next, by turning on E 2 and E 2 , the generated E F is injected into the Stokes port, and κ can be modified by E 2 , which will result in further intensity difference squeezing. Therefore, G and Sq versus 1 exhibit AT splitting profiles, as shown in figure 5(a2) . If E 3 is also on, κ will be further dressed by E 3 , therefore G and Sq versus 1 have three peaks, as shown in figure 5(a3) . From figures 5(a1)-(a3), we can see that both the degree of intensity difference squeezing and the gain coefficient can be modulated via the dressing effect, and their variation tendencies are in accordance with each other.
In figures 5(b1) and (b2), we study the correlation of G and Sq versus the dressing detuning 2 at different values of 1 with E 2 , and E 2 and E 3 dressed, respectively. The transitions of G versus 2 at different values of 1 , shown by the top solid curves in figures 5(b1) and (b2), are similar to the intensity profiles in figures 3 and 4, because they are all proportional to κ. Similarly, the dashed profile represents G versus 1 without a dressing effect. The transitions of the degree of Sq are in accordance with G according to equation (21), as the bottom solid curves show in figures 5(b1) and 5(b2), from which we can realize the exchange between enhancement and suppression for the degree of Sq by scanning 2 at a fixed 1 . Especially for the double dressing case, there is dual-enhancement or dual-suppression for the squeezed degree, which is the result of scanning an inner-dressing field in nested-cascade double dressing modes from E 2 and E 3 , denoted by the dressing term
The nonlinear coefficient κ can be modified by the single dressing mode induced by E 2 or the nested-cascade double dressing modes induced by E 2 and E 3 , which results in modulation of the gain coefficient and the degree of intensity difference because they are both related to κ, and the variance tendencies are in accordance with each other. From figures 5(a) and 5(b), the obtained results show the pure results without a dressing effect and the modification (revealing AT splitting) by a dressing effect when 1 is scanned, or the enhancement/suppression induced by E 2 when 2 is scanned.
As displayed by equation (21), the intensity difference is squeezed when Sq is lower than the SNL (i.e., lower than 0), which means nonclassical intensity difference correlation between the generated bright twin PA-MWM beams. Moreover, in the next section, we will show that the intensity noise correlation of dressed PA-MWM beams is also nonclassical when the Cauchy-Schwarz inequality is violated.
Intensity noise correlation of dressed PA-MWM
Multiphoton correlation is the key requirement for quantum communication. In this section, the intensity noise correlation between the χ (3) − χ (3) and χ (5) − χ (3) cascade parametric amplification processes will be discussed under the same conditions as in section 5. Therefore, equations (5a) and (5b) can be further modified aŝ
which indicates the output fields (noted by the annihilation operators of E s and E as ) at the output site of the medium. Based on χ (3) as and equation (2), the nonlinear coefficient κ can be written as
without the dressing effect of E 2 , while (7a) and (7b)), and the annihilation operatorsâ s (L) andâ as (L) in equations (22a) and (22b), the necessary quantities for the intensity noise correlation function, which include the expectations of the intensities (Î s andÎ as ), the intensity variances ((δÎ s ) 2 and (δÎ as ) 2 ) for the E s and E as fields, and the second-order correlation function (δÎ s δÎ as ) of the intensity fluctuations of the E s and E as fields, can be obtained under two different injection cases as follows.
Injecting vacuum fields
In this case, considering the vacuum fields injected into the Stokes and anti-Stokes ports, we have
as (r as , t as )E (+)
as (r as , t as )
as (r as , t as )|0, 0
, R c3 = R s R as E s E as and τ = τ as − τ s is the time delay between the two detectors.
Injecting PC-FWM into the Stokes port
In this section, we consider a different case where a classical FWM field E F is injected into the E s port and a vacuum field into the anti-Stokes port. Thus, we have
as (r as , t as )|α, 0
The intensity noise correlation functionsG (2) (τ ) and V (τ ) between E s and E as can be calculated by [8, 9] 
where we can define the unnormalized noise correlation function as G (2) (τ ) = δÎ s (r s , t s )δÎ as (r as , t as ) , which can be described as G (2) (τ ) = |E| 2 . Then, we obtaiñ
under no injection by using equations (26) and (30), and
with E F injected into the Stokes port by using equations (26)-(30). From equations (32) and (32), one can deduce that the degree of noise correlation in case A is higher than that in case B. Of the parameters in the above expressions, only E can influence the shapes of the correlation functions because only E is related to τ . By using equation (23), the series expansions
, and the symmetrical characteristic of τ , we obtain
}. Equation (33) exhibits damped Rabi oscillation with frequency δ + − δ − and period 2π/(δ + − δ − ), and the damping rate is determined by + and − . By using equations (24), (25) and (33), we can obtain that the oscillation period is 2π/ 1 if the dressing effect of E 2 is not considered, and 2π/ e if the dressing effect of E 2 is considered, with e ( 20 , 30 ). With vacuum injections, we can simulate G (2) (τ ) based on equation (32) with different dressing conditions, as shown in figures 6(a) and (b). The correlation function G (2) (τ ), as a function of the delay time τ and dressing detuning 2 without the dressing effect of E 2 at 1 = 0, 20, 70 MHz, is shown in figures 6(a1)-(a3), in which G (2) (τ ) is a constant versus 2 at fixed τ , and oscillates versus τ at fixed 2 , because the cosine function in G (2) (τ ) is not relevant to 2 but is relevant to τ according to equations (24), (32) and (33). The oscillation period is determined by 2π/ 1 with 1 = 1 − 10 , which results in the largest period in figure 6(a1) with 1 = 0 and the smallest period in figure 6(a3) with 1 = 70 MHz. Moreover, because of the destructive interference between E s and E as [18] , G (2) (τ ) achieves its lowest value at τ = 0 based on equation (33). Meanwhile, the correlation G (2) (τ ) versus τ and 1 at 2 = 0 without a dressing effect, shown in figure 6(a4), oscillates along both the τ -axis and the 1 -axis because of the cosine function related to 1 and τ in equation (33), and the oscillation period decreases with increasing | 1 | (or |τ |) when τ (or 1 ) is scanned. The results obtained from equations (25), (32) and (33) and shown in figures 6(b1)-(b4) are under similar conditions except for the dressing effect of E 2 . Firstly, comparing figure 6(b) with figure 6(a), the oscillation period decreases, because the period is determined by 2π/ e with e | 1 |. Secondly, the period remains constant when τ is scanned for the same 2 in figures 6(b1)-(b3), which is different from the results in figures  6(a1)-(a3) . Thirdly, G (2) (τ ) shows a transition from puresuppression, to left-suppression-right-enhancement, to almost pure-enhancement when 2 is scanned at fixed τ with 1 = 0, 20, 40 MHz, as shown in figures 6(b1)-(b3), respectively. The physical insight is that the dressing effect results in a modification of the intensity noise correlation between the generated Stokes and anti-Stokes signals, revealed as an enhancement (corresponding to a bright state) or suppression (dark state) of the correlation. Finally, G (2) (τ ) displays similar AT splitting versus 1 , but unchanged oscillation period versus τ with different values of 1 , as shown in figure 6(b4), which is induced by the dressing effect of E 2 and is different from figure 6(a4). All in all, comparing figures 6(b) and (a), we find that the dressing effect of E 2 can not only enhance or suppress the intensity noise correlation, but can also influence the oscillation period.
For E F injected into the Stokes port, the results are as displayed in figures 6(c) and (d), which can be obtained from equations (24), (25) and (32). They have the same change rules as figures 6(a) and (b) due to the mutual parameter E related to τ . The only difference is the increased correlation in figures 6(c) and (d), which is because of the parametric amplification process when E F is seeded into the Stokes port.
As the correlation functions V (τ ) andG (2) (τ ) in equations (32) and (32) have the same numerator (G (2) (τ )), the results for V (τ ) are similar to those for G (2) (τ ) except for the amplitude, so we do not discuss V (τ ) in detail here.
As stated in [12] , |G (2) (τ )| < 1 or V (τ ) < 1 satisfies the Cauchy-Schwarz inequality for the generated twin parametric amplification MWM beams, while |G (2) (τ )| > 1 or V (τ ) > 1 indicates a violation of this inequality, which proves the nonclassical intensity noise correlation between these two PA-MWM beams. Considering the denominator inG (2) (τ ), nonclassical correlation (|G (2) (τ )| > 1) might be achieved at 1 = 20 MHz, 2 ≈ −16 MHz in figure 6(d2) or 1 = 70 MHz, 2 ≈ −63 MHz in figure 6(d3) , where E F is seeded into the Stokes port, and the bright state is obtained induced by the dressing effect of E 2 . In section 5, we obtained that there could be intensity difference squeezing in the nonclassical region. Moreover, with the definition of the amplitude and phase quadratures of the generated twin PA-MWM fieldsX i = (â i +â + i )/2 andŶ i = −i(â i − a + i )/2 (i = s, as) respectively, satisfaction of the inequality δ 2 (X s −X as ) + δ 2 (Ŷ s +Ŷ as ) < 1 is sufficient to verify that the generated twin PA-MWM beams are entangled (i.e., the two fields are quantum correlated) and nonclassical. In other words, one can deduce that intensity difference squeezing, nonclassical intensity noise correlation, and entanglement of the two generated beams will exist in the nonclassical region at the same time, and the degree of squeezing, correlation and entanglement can be modulated to increase for a bright state, or to decrease for a dark state.
Conclusion
In conclusion, we have theoretically studied the cascade parametric amplification processes under the control of a dressed state. Under the phase-mismatching condition, we investigated the cone emissions, which showed the spatial properties of PA-MWM signals. The intensity of the PA-MWM signals can be modulated (suppressed or enhanced) via the dressed states (dark or bright states) induced by both single and double dressing effects. Both the degree of intensity difference squeezing and the intensity noise correlation of the generated bright twin parametric MWM beams can be controlled to enhance or suppress via a bright or dark state through nonlinear dressing (a phenomenon thought of as 'dressing-like'). This study has potential applications in quantum security, quantum imaging and long distance quantum communications.
